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Abstract With the goal of identifying optimal elastic
single-scale microstructures for multiple loading situa-
tions, the paper shows that qualified starting guesses,
based on knowledge of optimal rank-3 laminates, sig-
nificantly improves chances of convergence to near op-
timal designs. Rank-3 laminates, optimal for a given
set of anisotropic loading conditions, are approximated
on a single scale using a simple mapping approach.
We demonstrate that these mapped microstructures
perform relatively close to theoretical energy bounds.
Microstructures with performance even closer to the
bounds can be obtained by using the approximated
rank-3 structures in a further step as starting guesses
for inverse homogenization problems. Due to the non-
convex nature of inverse homogenization problems, the
starting guesses based on rank-3 laminates outperform
classical starting guesses with homogeneous or ran-
dom material distributions. Furthermore, the obtained
single-scale microstructures are relatively simple, which
enhances manufacturability. Results, obtained for a
wide range of loading cases, indicate that microstruc-
tures with performance within 5-8% of the theoretical
optima can be guarantied, as long as feature sizes are
not limited by minimium size constraints.
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1 Introduction
For many engineering applications it is of interest to de-
sign periodic materials with tailored or extremal prop-
erties. The use of topology optimization to such design
problems was introduced by Sigmund (1994) and is gen-
erally referred to as inverse homogenization. Since its
introduction, the approach has been applied to many
design problems such as materials with negative Pois-
son’s ratio (Larsen et al., 1997; Andreassen et al., 2014;
Clausen et al., 2015), materials with maximum shear
and bulk moduli (Sigmund, 1999, 2000), or materials
with increased buckling strength (Neves et al., 2002;
Thomsen et al., 2018). Besides elasticity problems, the
method has been successfully applied to design materi-
als for e.g. thermal, fluid, and wave guiding problems,
as well as a large number of other applications. A de-
tailed discussion and overview of the field of material
design is given in the recent review paper by Osanov
and Guest (2016).
In the context of elasticity, several researchers have
looked into multi-scale or so-called hierarchical designs.
Here, the topology optimization problem is divided
into a global material distribution problem and local
composite material design problems at the microscale.
The composite microstructures are tailored for max-
imum strain energy, subject to the local stresses or
strains (Rodrigues et al., 2002; Coelho et al., 2011; Xia
and Breitkopf, 2017). Hence, at each local point an in-
verse homogenization problem is solved to optimize the
microstructures for one or more loading cases. To re-
duce the computational cost associated with the large
number of inverse homogenization problems or to en-
sure less complex manufacturing, one can restrict the
amount of unique microstructures; however, this comes
with a loss of optimality (Liu et al., 2008; Schury et al.,
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2012; Sivapuram et al., 2016). Anyway, when assum-
ing separation of scales, multiscale design approaches
require repeated and point-wise optimization of local
microstructures, subjected to one or more load cases.
It is well-known that composite microstructures, as-
sembled from two isotropic materials (possibly one of
them being void), satisfying the optimal bound on com-
plementary energy (i.e. maximal strain energy) can
be realized as so-called rank-3 laminates (Lurie and
Cherkaev, 1984; Francfort and Murat, 1986; Milton,
1986; Avellaneda, 1987), for plane problems under the
assumption of linear elasticity. For extensive details
on rank-N laminates and homogenization-based topol-
ogy optimization the reader is referred the monographs
by Allaire (2002); Cherkaev (2000); Bendsøe and Sig-
mund (2004). In fact, Guedes et al. (2003) compared the
performance of microstructures optimized using inverse
homogenization with the energy bounds that can be
reached using optimal rank-3 laminates. Interestingly,
however, this background has never lead to a detailed
study that aims at using knowledge of the optimal rank-
3 laminates for the design of microstructures using in-
verse homogenization.
Apart from rank-N laminates, single-scale, so-called
Vigdergauz microstructures have been conceived and
analyzed by analytical means (Vigdergauz, 1994a,b;
Grabovsky and Kohn, 1995; Liu et al., 2007), or have
come out as result of many topology optimization ap-
proaches, e.g. (Sigmund, 1999, 2000). Vigdergauz struc-
tures may achieve the maximum bulk modulus bound
(i.e. are optimal for hydrostatic loading), but cannot
achieve the maximum shear modulus bound simulta-
neously (i.e. a single scale structure cannot produce
the theoretically maximal isotropic Young’s modulus).
A proof that more length-scales are required to reach
the theoretical bounds is given by Allaire and Aubry
(1999). Hence, it is clear that imposing a single-scale
constraint on microstructure design inherently will put
a limit on achievable performance, but on the other
hand, this optimality gap may be acceptable consider-
ing that the microstructures become manufacturable.
For other works and discussions on single-scale mi-
crostructures with respect to theoretical bounds, the
readers are referred to (Bourdin and Kohn, 2008; Sig-
mund et al., 2016; Berger et al., 2017).
In this work, we propose a systematic approach for
creating near-optimal single-scale microstructures, based
on the layer directions and relative widths of optimal
rank-3 laminates, see e.g. Figure 1. We demonstrate
that this approximation of the microstructures already
performs relatively close, e.g. 5-15%, to the optimal en-
ergy bounds. Furthermore, we demonstrate that this
performance can be further improved by using these
single-scale microstructures as starting guess for an in-
verse homogenization problem. In general, the non-convex
nature of the inverse homogenization problem results
in convergence to inferior or very complex microstruc-
tures when using traditional starting guesses, such as
uniform or random material distributions. It is shown
that the proposed starting guesses from rank-3 lami-
nates perform overall better than conventional starting
guesses, especially when lower volume fractions are con-
sidered. Besides this better performance, the optimized
microstructures using rank-3 inspired starting guesses
are geometrically much simpler, in turn facilitating a
simpler manufacturing process.
Fig. 1: Left: rank-3 microstructure with indicated hi-
erarchy, Right: approximated single-scale microstruc-
ture. Illustrations are based on a rank-3 laminate with,
θ1 = pi/3, µ1 = 0.2, θ2 = −pi/6, µ2 = 0.25, θ3 = 1pi/6
and µ3 = 0.50.
2 Interpreting optimal microstructures on a
single scale
The theory to obtain optimal rank-N laminates is well-
established, as mentioned before, and only included
here for completeness. In this work we parameterize the
optimal rank-3 laminate in terms of 4 trigonometric mo-
ments as introduced by Avellaneda and Milton (1988).
Afterwards, we use the method of Lipton (1994) to re-
construct a rank-3 laminate from the optimal moments.
Finally, we propose a novel method to approximate the
rank-3 microstructure by a single-scale microstructure.
2.1 Optimal microstructures by the moment
formulation
We seek to minimize the complementary work C on a
periodic microstructure subjected to ns stress cases.
C = 1
2
ns∑
j
wjσj : C
H : σj , (1)
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where, σj is the stress tensor corresponding to the j-
th load case, wj is the relative weighting such that∑ns
j=1 wj = 1, and C
H describes the effective mate-
rial compliance tensor of the considered microstructure.
For a finite-rank microstructure the effective compli-
ance tensor can be written as,
CH = C+ − (1− f)(
(C+ −C−)−1 − fE+
N∑
n=1
pn(tn ⊗ tn)⊗ (tn ⊗ tn)
)−1
,
(2)
with C+ and C− being the properties of the stiff (+)
and compliant (-) material respectively, f is the vol-
ume fraction of the stiff material, while E+ is its corre-
sponding Young’s modulus. Furthermore, tn represents
the tangent vector of layer n, while pn ≥ 0 describes the
relative contribution of the n-th layer, s.t.
∑N
n=1 pn = 1.
Finally, ⊗ indicates the dyadic product.
For convenience we can rewrite the 4-th rank ten-
sor using the following orthogonal basis of second-rank
tensors,
ξ1 =
1√
2
[
1 0
0 −1
]
, ξ2 =
1√
2
[
0 1
1 0
]
, ξ3 =
1√
2
[
1 0
0 1
]
.
(3)
Furthermore, we can reduce the number of variables
describing the effective laminate properties using the
following four moments,
m1 =
N∑
n=1
pncos(2θn), m2 =
N∑
n=1
pnsin(2θn),
m3 =
N∑
n=1
pncos(4θn), m4 =
N∑
n=1
pnsin(4θn).
(4)
Hence, we can write
ξ :
( N∑
n=1
pn(tn ⊗ tn)⊗ (tn ⊗ tn)
)
: ξ = M ,
M =
1
4
1 +m3 m4 −2m11−m3 −2m2
2
 . (5)
As described by Krein and Nudelman (1977), the fea-
sible set of moments M can be described as,
M = m ∈ R4,
s.t.

m21 +m
2
2 ≤ 1,
−1 ≤ m3 ≤ 1,
2m21
1+m3
+
2m22
1−m3 +
m24
1−m23 −
4m1m2m4
1−m23 ≤ 1.
(6)
Hence, for a given set of loadings conditions, and ma-
terial properties f , E+ and E− = 10−9E+, we can
find the optimal set of moments, minimizing C, to find
the optimal effective compliance tensor. As discussed
by Lipton (1994), this is a convex problem with respect
to the moments. Furthermore, Lipton (1994) proposed
a procedure to reconstruct the relative layer widths µn
and orientations θn of a rank-3 laminate from the op-
timal moments, which is for convenience repeated in
Appendix 5
2.2 Approximation of a rank-3 laminate on a single
scale
We abandon the separation of length-scales specific to
rank-3 laminates and try to approximate the 3-layered
composite on a single scale. To do so we need: 1) to
create a periodic unit-cell respecting the layer orienta-
tions, 2) to make sure that the relative contributions
of the different layer widths are preserved on the single
scale.
To transform a rank-3 layered composite into a single-
scale periodic lattice structure (see illustration in Fig-
ure 1), the spacing of each layer λn has to be adapted,
such that the unit-cell can be described using a paral-
lelogram, as shown in Figure 2.
y
xθ3-π/2
θ2-θ1 θ1-θ3
λ1
λ3
λ2
Fig. 2: Parallelogram used as unit-cell and correspond-
ing dimensions.
In this work layer 3 is set to be the base layer, with
a layer spacing λ3 = 1. Using standard geometric re-
lations, the other two layer spacings can be calculated,
λ1 = |sin(θ1 − θ3)|
∣∣∣∣ λ3tan(θ2 − θ3) − λ3tan(θ1 − θ3)
∣∣∣∣ ,
λ2 = |sin(θ2 − θ3)|
∣∣∣∣ λ3tan(θ2 − θ3) − λ3tan(θ1 − θ3)
∣∣∣∣ . (7)
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The area A of the parallelogram is described as,
A =
∣∣∣∣ λ23tan(θ2 − θ3) − λ
2
3
tan(θ1 − θ3)
∣∣∣∣ . (8)
To make the unit-cell have a unit-area, the correspond-
ing layer spacings are normalized to,
λ˜1 =
λ1√
A
, λ˜2 =
λ2√
A
, λ˜3 =
λ3√
A
. (9)
For the case that the reconstructed laminate is only a
rank-2 laminate, we set the corresponding layer spac-
ings equal, while maintaining a unit-area.
For the layer widths, we cannot directly use the val-
ues µ1, µ2 and µ3, which are the relative layer widths
of the stiff material (+) in each layer, since these values
depend on the layer ordering. Therefore, we make use of
the parameters that describe the relative contribution
of each layer, i.e. pn for n = 1, 2, 3. The width of each
layer used on the single scale wn, are then obtained as,
wn = ψpn, n = 1, 2, 3. (10)
Here ψ is a scaling parameter found using a bi-section
algorithm, such that the projected microstructure has
the same volume fraction f as the stiff material in the
rank-3 laminate.
With the layer widths and relative spacings known,
we can project the periodic microstructure. For this
we use an approach similar to the recently proposed
projection approaches presented in Pantz and Trabelsi
(2008); Groen and Sigmund (2017); Allaire et al. (2018).
A periodic sequence of layer n on a single scale has a
material distribution ρ˜n which can be described as,
ρ˜n(x) = H
(
cos(
2pi(nn · x)
λ˜n
)− cos(piwn)
)
. (11)
Here, x describes the spatial location, nn describes the
layer normal of layer n, and H is the Heaviside func-
tion. Finally, the individual layer contributions can be
combined in the total density distribution of the mi-
crostructure as,
ρ(x) = min {ρ˜1(x) + ρ˜2(x) + ρ˜3(x), 1} . (12)
Figure 1 shows an example of a resulting single-scale
microstructure.
3 Optimization for single-scale microstructures
The unit-cell description given above can be used to pa-
rameterize the unit-cell using a discrete number of el-
ements, such that density-based topology optimization
can be performed. To tailor the microstructure proper-
ties such that the weighted complementary energy C is
minimized an inverse homogenization approach is used.
The topology optimization problem is solved in nested
form, i.e. for each design iteration and given density
distribution, the homogenized constitutive properties,
as well as the objective function and its correspond-
ing derivatives are calculated. Afterwards, the material
distribution is updated based on the gradients. The dis-
cretized optimization problem can thus be written as,
min
ρ
: C(ρ) = 1
2
ns∑
j
wjσj : C
H( ˆ¯ρ(ρ)) : σj ,
s.t. : vT ˆ¯ρ(ρ)− f ≤ 0,
: 0 ≤ ρ ≤ 1.
(13)
Here v is a vector containing the volumes of each
density element, and ˆ¯ρ is a vector containing the physi-
cal densities. CH( ˆ¯ρ(ρ)) is the homogenized compliance
tensor. To obtain this tensor we make use of the publicly
available MATLAB code of Andreassen and Andreasen
(2014), which is modified to return the sensitivities
of the objective w.r.t. design variables. More details
regarding the sensitivity analysis for inverse homog-
enization problems can be found in Sigmund (1994);
Guedes et al. (2003); Bendsøe and Sigmund (2004) .
Furthermore, we use the MATLAB implementation of
the Method of Moving Asymptotes (MMA) introduced
by Svanberg (1987).
To ensure a well-posed problem, control of the min-
imum feature size of solid regions, as well as discrete-
ness of optimized designs, the physical densities ˆ¯ρ, are
related to design variables ρ using the Heaviside pro-
jection scheme introduced by Guest et al. (2004). The
scheme is based on a filter radius R, which is slightly
modified to take the periodicity of the unit-cell into ac-
count. A standard continuation approach is used for the
projection parameter β to improve convergence.
4 Numerical examples
In all examples, three different starting guesses are used
for the inverse homogenization problems. First of all,
the rank-3 laminate mapped on a single scale is used
(Mapped SG). The performance of the optimized de-
sign is compared to a design obtained with a starting
guess containing a random density field (Random SG),
as well as a starting guess using a homogeneous density
field (Homog. SG). Furthermore, we directly evaluate
the performance of the rank-3 microstructure approx-
imated on the single scale (Mapped Rank-3 ), and we
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compare all results to the energy bound given by the
optimal rank-3 laminate (Rank-3 ).
The Random SG is obtained by generating random
numbers between 0 and min(1, 2f). A density filter is
applied to the densities to ensure some continuity in
the initial guess. The Homog. SG is not truly homoge-
neous, otherwise numeric problems will arise from hav-
ing identical sensitivity values for all elements. Instead,
all elements are set to the value of f , except for the
elements within a filter radius R of the unit-cell center,
which are set to 0. In this manner the starting guess is
perturbed independently of mesh refinement.
Both the Random SG, and the Homog. SG are opti-
mized in a unit-cell of dimensions 1 by 1. To make com-
parisons with the rank-3 inspired parallelogram unit-
cell starting guesses more fair, we also tried to include
the angle between the axes as an additional design vari-
able. However, this increased design freedom did in gen-
eral not lead to better designs; hence, we stick with a
square unit-cell for the Random SG and Homog. SG in
the following.
4.1 Example 1: Small filter radius
This first three examples are based on four stress cases,
which are weighted using parameter χ ∈ [0, 1] as pro-
posed by Guedes et al. (2003). The four cases, with
their respective weight are shown in Figure 3, and can
be written out as,
w1σ1 =
χ
2
[−1 0
0 1
]
, w2σ2 =
χ
2
[
0 1
1 0
]
,
w3σ3 =
1− χ
2
[
1 0
0 0
]
, w4σ4 =
1− χ
2
[
0 0
0 1
]
.
(14)
The enforced length-scale in this example is 2R = 0.05,
corresponding to 5% of the side length in a square
unit-cell. This small feature size allows for quite fine
structural members. Furthermore, a volume fraction of
f = 0.5 is used, and the unit-cells are discretized using
200× 200 elements.
The found objective values C for different starting
guesses and 11 equally spaced values of χ are shown
in the top of Figure 4. These results are in agreement
with the results obtained by Guedes et al. (2003). In
the normalized plot shown in the bottom of Figure 4,
starting guesses are compared based on their relative
performance, i.e. the results are normalized using the
energy bound of the rank-3 microstructure.
From the objective values observed in this example
it is not yet clear that the proposed starting guess has
much benefit. Only when χ = 0.1, χ = 0.3, χ = 0.4
and χ = 0.6 the Mapped SG outperforms the other
(1-χ)/2
χ/2
(1-χ)/2
χ/2
Fig. 3: Illustration of the four stress cases and their
respective weights used in examples 1,2 and 3.
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Fig. 4: Top: Resulting complimentary energy C for dif-
ferent values of χ, f = 0.5, and a length-scale of 0.05.
Bottom: Values normalized using the rank-3 energy
bound.
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two starting guesses. The single-scale microstructures
corresponding to χ = 0.7 are shown in Figure 5. It is
clear from Figure 5(c) that using Random SG results
in somewhat chaotic looking optimized microstructures,
which, although well-performing, may become problem-
atic in terms of manufacturability. Therefore, we focus
in the remainder on a comparison between the use of
Mapped SG and Homog. SG
(a) Mapped Rank-3. (b) Mapped SG.
(c) Random SG. (d) Homog. SG.
Fig. 5: Resulting structures shown in a domain of size
2×2 with the unit-cell highlighted, for χ = 0.7, f = 0.5,
and a length-scale of 0.05.
Furthermore, it can be observed that the structures
generated with Homog. SG are more complex and con-
sist of many members at the smallest allowable feature
size. On the other hand, the microstructures generated
with Mapped SG have few large design features, while
being only marginally worse in terms of performance.
These fewer and larger design features may be desirable
from a manufacturing viewpoint.
An interesting observation is made from comparing
the optimized designs using Mapped SG and Homog.
SG obtained for χ = 0, shown in Figure 6(a) and (b).
Here, the Mapped SG got stuck in the slightly subopti-
mal single-length-scale design dictated by the starting
guess, whereas the Homog. SG design resulted in a split
bar structure, somewhat mimicking the special class of
extremal composites proposed by Sigmund (2000). Ac-
tually, the “true optimal” single-scale microstructure
will probably be one where the width and number of the
split bars are exactly determined by the imposed mini-
mum length-scale. This can be mimicked by modifying
the Mapped SG starting guess to accommodate for these
extremal composites. In practice, this is done by split-
ting thick members of the mapped design into members
that are close to the minimum feature size as seen in
Figure 6(c). As expected, the relative performance of
the improved mapping, which is 1.10 is lower than the
value of 1.12 for the Mapped Rank-3. The correspond-
ing optimized design, shown in Figure 6(d) resembles
the extremal Sigmund composite, and its normalized
performance of 1.03 outperforms the microstructure ob-
tained using the Homog. SG, which has a relative per-
formance of 1.04. Nevertheless, we abandon this more
advanced starting guess in the following, in favor of pro-
ducing simpler and easier to manufacture designs.
(a) Mapped SG. (b) Homog. SG.
(c) Improved mapping. (d) Improved mapped SG.
Fig. 6: Resulting structures shown in a domain of size
2×2 with the unit-cell highlighted, for χ = 0.0, f = 0.5,
and a length-scale of 0.05.
4.2 Example 2: Large Filter
This example uses the same load case and volume frac-
tion as Example 1, but imposes a larger minimal length-
scale of 0.15, corresponding to 15% of the square do-
main. Hence, the microstructures optimized using Ran-
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Fig. 7: C normalized using the rank-3 energy bound, for
different values of χ, f = 0.5, and a length-scale of 0.15.
dom SG’s and Homog. SG’s are forced to find struc-
tures with thicker features, closer to the feature sizes of
the Mapped SG.
The relative objective function values are shown in
Figure 7. It is clear that designs optimized using Mapped
SG now outperform the microstructures using Random
SG’s and Homog. SG’s in terms of objective function
value. Some optimized designs using Random SG’s and
Homog. SG’s are even outperformed by the Mapped
Rank-3, which is obtained using purely geometrical means.
Finally, it can be seen from Figures 4 and 7 that both
the mapped structures and subsequently optimized mi-
crostructures have a very stable relative objective func-
tion value across the load cases, compared to the other
starting guesses.
When comparing the resulting structures for χ =
0.3, shown in Figure 8, it can be seen that the struc-
ture obtained by the Mapped SG is still very simple
compared to the one obtained by the Homog. SG, as
the latter contains smaller holes.
4.3 Example 3: Low volume fraction
The same load cases are used as for the previous two
examples; however, in this example a lower volume frac-
tion of f = 0.2 is used in combination with a minimum
feature size of 0.05. The resulting performance values
are shown in Figure 9. It can be seen that the results us-
ing the Mapped SG clearly outperform the other start-
ing guesses, except for the case with χ = 0, where all
methods perform equally well.
When inspecting the resulting structures shown for
χ = 0.1 in Figure 10 and for χ = 0.8 in Figure 11, it
(a) Mapped SG. (b) Homog. SG.
Fig. 8: Resulting structures shown in a domain of size
2×2 with the unit-cell highlighted, for χ = 0.3, f = 0.5,
and a length-scale of 0.15.
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Fig. 9: C normalized using the rank-3 energy bound, for
different values of χ, f = 0.2, and a length-scale of 0.05.
can again be seen that the designs based on the Mapped
SG are simple triangle structures. However, it can also
be seen that the diagonal bar crossing the center of
the unit-cell in Figure 10(b) has exactly the imposed
minimum length-scale as feature width. Interestingly,
this bar is thicker than the bar following directly from
Mapped Rank-3, as shown in Figure 10(a). Hence, the
imposed feature size limits the optimality of the opti-
mized microstructure. This effect can also be seen in
Figure 9 where the relative compliance value is slightly
higher for χ = 0.1 than for all other values of χ. A
similar effect can be observed for χ = 0.1 in Figure 7.
4.4 Example 4: Rotating uni-axial stresses
For this final example we introduce a new loading case
with three uni-axial stresses, independently applied in
8 E. Tra¨ff et al.
(a) Mapped Rank-3. (b) Mapped SG.
Fig. 10: Resulting structures shown in a domain of size
2×2 with the unit-cell highlighted, for χ = 0.1, f = 0.2,
and a length-scale of 0.05.
(a) Mapped SG. (b) Homog. SG.
Fig. 11: Resulting structures shown in a domain of size
2×2 with the unit-cell highlighted, for χ = 0.8, f = 0.2,
and a length-scale of 0.15.
0o χ 2χ
(1) (2) (3)
Fig. 12: Illustration of three uni-axial loads, with angles
0, χ, and 2χ.
different directions as illustrated in Figure 12. The an-
gle parameter χ is increased in steps of 5 degrees from
0 to 60 degrees, resulting in a load case varying from
a single load to three uni-axial loads with 60◦ symme-
try. The example is performed with a volume fraction
of f = 0.25, using a minimum feature length of 0.05.
The resulting normalized objective function values
are shown in 13, where it can be seen that using the
Mapped SG results in much better objective function
values for all cases. Another important observation is
that the Mapped Rank-3 outperforms the optimized
structure for values of χ = 5◦, 10◦, 15◦, 20◦, 25◦, 30◦.
This is, as discussed before, due to the minimum length-
scale not being enforced in the reconstruction of the
0 10 20 30 40 50 60
1
1.2
1.4
1.6
1.8
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Fig. 13: C normalized using the rank-3 energy bound,
for different values of χ corresponding to example 4,
f = 0.25, and a length-scale of 0.05.
rank-3 laminate, as is shown in Figure 14. After the
topology optimization procedure the concerned mem-
bers have either the imposed length-scale or are re-
moved completely.
(a) Mapped Rank-3. (b) Mapped SG.
(c) Random SG. (d) Homog. SG.
Fig. 14: Resulting structures shown in a domain of size
2 × 2 with the unit-cell highlighted, for χ = 20◦, f =
0.25, and a length-scale of 0.05.
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5 Discussion and conclusions
When comparing the various starting guesses as applied
here, it is important to note that two different unit-cell
parameterizations are used. Due to the parallelogram
element shapes, features will have different jaggedness
in the solid-void interface depending on orientation. To
avoid negative effects caused by this difference the op-
timization problems have been resolved using a suffi-
ciently fine mesh such that the minimum feature size
is at least 10 finite elements wide in all examples. Fur-
thermore, the skewness of the parallelogram used in the
Mapped SG makes it impossible to recreate the same
structure in a square domain, as they are repeated dif-
ferently through space. The choice of using a square
unit-cell for the other two starting guesses was made
since this resulted in the best performing microstruc-
tures.
The objective values obtained using the Mapped SG
display a constant excellent performance, where the re-
sults are always around 5-8% from the energy bound.
Only when the imposed feature size is larger than a
member needs to be, this closeness to theoretical op-
timality is violated. Furthermore, the optimized mi-
crostructures using Mapped SG are much simpler than
their counterparts optimized using Random SG or Ho-
mog. SG. This simplicity in the microstructures possi-
bly allows for a more robust behavior towards manufac-
turing uncertainties, and for a simpler manufacturing
process in general.
Only in Example 1, it was shown that the use of the
Homog. SG could lead to a slightly better performance.
The reason for this, is that this starting guess does not
suppress the occurrence of thin features, as happens us-
ing Mapped SG. Hence, the optimized microstructures
based on Homog. SG seem to converge better towards
the type of extremal composites proposed by Sigmund
(2000). However, we also demonstrated that the Mapped
SG could be improved when the minimum allowed fea-
ture size allows for a representation close to Sigmund’s
class of extremal materials. Nevertheless, we did not
pursue this approach further in this work, since we be-
lieve that the simplicity of the microstructures using the
Mapped SG are an important feature. Furthermore, it
is noteworthy that for Examples 2, 3 and 4, large differ-
ences are observed between performance of Mapped SG
and the other two starting guesses. Hence, it really pays
off to use a “smart” starting guess as suggested here.
Especially since the cost of obtaining the approximated
rank-3 microstructure on the single scale, is negligible
compared to the cost of performing inverse homogeniza-
tion.
The approximated rank-3 laminates, directly ana-
lyzed and without optimization (Mapped Rank-3 ), al-
ready perform within 5-15% of the energy bound posed
by the rank-3 laminate. This promising result justi-
fies the recent interest into projection methods that
post-process homogenization-based topologies on a sin-
gle scale (Pantz and Trabelsi, 2008; Groen and Sig-
mund, 2017; Allaire et al., 2018). This result also indi-
cates that similar performance close to theoretical op-
tima can be obtained when multiple load cases are con-
sidered. Furthermore, it is notable that the main differ-
ence between the Mapped Rank-3 and the microstruc-
tures optimized from the Mapped SG are rounded cor-
ners at the intersection of connecting bars. This indi-
cates that some more or less heuristic post-processing
scheme may be postulated, that is applied directly on
the Mapped Rank-3, potentially eliminating the need
for inverse homogenization entirely.
Acknowledgements The authors acknowledge the support
of the Villum Fonden through the Villum investigator project
InnoTop. The authors would also like to thank Krister Svan-
berg for providing the MATLAB MMA code.
Appendix: Reconstructing a rank-3 laminate from
moments
In this section we discuss the method proposed by Lipton
(1994) to reconstruct the relative layer widths µn and orienta-
tions θn of a rank-3 laminate from the optimal moments. Our
discussion is similar to the practical implementation given by
Dı´az et al. (1995), and included for completeness.
We can reduce the set of optimal moments from four to
three, by rotating the set of moments (m1,m2,m3,m4) to
(m˜1, m˜2, m˜3, 0) using a change of reference frame and rota-
tion angle γ such that θ˜n = θn + γ and,
m˜1 =
N∑
n=1
pncos(2θ˜n), m˜2 =
N∑
n=1
pnsin(2θ˜n),
m˜3 =
N∑
n=1
pncos(4θ˜n), m˜4 =
N∑
n=1
pnsin(4θ˜n).
(15)
By using the rotated reference frame for the specification of
the layer tangents tn, used in Equation 5, the following rela-
tions can be found,
m˜1 = m1cos(2γ)−m2sin(2γ),
m˜2 = m1sin(2γ) +m2cos(2γ),
m˜3 = m3cos(4γ)−m4sin(4γ),
m˜4 = m3sin(4γ) +m4cos(4γ).
(16)
Hence, we can find γ that ensures m˜4 = 0 using,
γ =
1
4
arctan(
−m4
m3
). (17)
From Equation 17 it can be seen that γ is periodic every pi/4.
This means that there are at least four rotated sets m˜ to
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describe the microstructure. Furthermore, the feasible rotated
set of moments M˜ is bounded by the same constraints as in
Equation 18.
M˜ = m˜ ∈ R3, s.t.

m˜21 + m˜
2
2 ≤ 1,
−1 ≤ m˜3 ≤ 1,
2m˜2
1
1+m˜3
+
2m˜2
2
1−m˜3 ≤ 1.
(18)
Feasible set M˜ is a convex set as can be seen in Figure 15.
Fig. 15: Convex set M˜.
The boundary of this convex set ∂M˜ satisfies,
2m˜21
1 + m˜3
+
2m˜22
1− m˜3
= 1, (19)
while the four corner points also satisfy,
m˜21 + m˜
2
2 = 1. (20)
It can easily be verified using Equations 15 that the four cor-
ner points m˜ = {1, 0, 1}, {−1, 0, 1}, {0, 1,−1} and {0,−1,−1}
correspond to rank-1 laminates, with the corresponding layer
directions θ˜1 = 0, pi/2, pi/4 and −pi/4 respectively. Hence,
if both Equations 19 and 20 are satisfied the microstructure
is a rank-1 microstructure. Depending on the choice of γ the
unique layer orientation θ1 can be obtained; furthermore, cor-
responding p1 = 1.
Since M˜ is a convex set, each point m˜ can be described
as a combination of a corner point a˜ and a point b˜ on ∂M˜,
m˜ = αa˜+ (1− α)b˜. (21)
Since a˜ corresponds to a rank-1 laminate, point b˜ on bound-
ary ∂M˜ has to correspond to a rank-2 laminate. Hence,
2b˜21
1 + b˜3
+
2b˜22
1− b˜3
= 1. (22)
Furthermore, we have
α =
m˜1 − b˜1
a˜1 − b˜1
=
m˜2 − b˜2
a˜2 − b˜2
=
m˜3 − b˜3
a˜3 − b˜3
. (23)
If we take one of the corner points, e.g. a˜ = {1, 0, 1}, we can
solve for b˜ and α, using the Equations above. We know that
the rank-2 laminate can be described using two relative layer
contributions pb˜1 and p
b˜
2, and two angles θ
b˜
1 and θ
b˜
2, such that,
pb˜1 + p
b˜
2 = 1,
b˜1 = p
b˜
1cos(2θ
b˜
1) + p
b˜
2cos(2θ
b˜
2),
b˜2 = p
b˜
1sin(2θ
b˜
1) + p
b˜
2sin(2θ
b˜
2),
b˜3 = p
b˜
1cos(4θ
b˜
1) + p
b˜
2cos(4θ
b˜
2).
(24)
This is system of four equations can be solved for the four
unknowns. To do so, one can describe b˜ in terms of two angles,
0 ≤ t ≤ 2pi and 0 ≤ β ≤ pi/2 (Lipton, 1994).{
b˜1, b˜2, b˜3
}
= {cos(β)cos(t), sin(β)sin(t), cos(2β)} . (25)
The corresponding solution for the rank-2 laminate can then
be written as,
s = cos2(2β)− 2cos(2β)cos(2t) + 1,
δ = arctan
( √s
1− cos2(2β)
)
,
pb˜1 =
1
2
(
1 +
2cos(2β)sin(2t)√
s
)
,
pb˜2 = 1− pb˜1,
θb˜1 = arctan
( pb˜2sin(2δ)− sin(β)sin(t)
−(pb˜1 + pb˜2cos(2δ) + cos(β)cos(t))
)
,
θb˜2 = θ
b˜
1 + δ.
(26)
The corresponding rank-3 laminate in global frame of refer-
ence can thus be written as,
p1 = α, θ1 = −γ,
p2 = (1− α)pb˜1, θ2 = θb˜1 − γ,
p3 = (1− α)pb˜2, θ3 = θb˜2 − γ.
(27)
Finally, the relative widths used at each layer can be obtained
using,
µ1 = p1f,
µ2 =
p2f
1− µ1
,
µ3 =
p3f
1− (µ1 + µ2 − µ1µ2)
.
(28)
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